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Abstract 

It may be widely believed that probing short-distance physics is limited by the presence of 
the Planck energy scale above which scale any information is cloaked behind a horizon. If this 
hypothesis is correct, we could observe quantum behavior of gravity only through a black hole of 
Planck mass. We numerically show that in a scattering of two black holes in the 5-dimensional 
spacetime, a visible domain, whose curvature radius is much shorter than the Planck length, can 
be formed. Our result indicates that super-Planckian phenomena may be observed without an 
obstruction by horizon formation in particle accelerators. 
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INTRODUCTION 



It is well known that if quantum effects are taken into account, a threshold energy scale, 
over which general relativity looses its validity, emerges. This threshold is called the Planck 



scale. For the 4-dimensional spacetime, the Planck energy is defined by Ep\ := ^Jhd' /2G = 
1.1 X 10^^ GeV, where c, h, and G are the speed of light, Dirac constant, and Newton's 
gravitational constant, respectively. The circumferential radius of a spherically symmetric 
black hole of mass -Epic"^ is equal to its reduced Compton wavelength hcE~i^, and hence such 
a black hole will behave as a gravitating quantum object whose behavior is unpredictable 
in the framework of general relativity. The Planck energy, Epi, is much larger than the 
electroweak scale 100 GeV), and this fact is recognized as the hierarchy problem in the 
elementary particle physics. 

The large extra-dimension scenario was proposed as a solution for the hierarchy prob- 
lem . This scenario is inspired by superstring theories, and in this scenario, the fun- 
damental Planck energy, Ep, may be as low as 10^ GeV scale. The peculiarity of this 
scenario is that the length scales of the compactification of extra-dimensions can be much 
larger than the fundamental Planck length hcEp^. Hence, the gravity can be described 
by a higher-dimensional classical theory (e.g., higher-dimensional general relativity) for the 
distance scale smaller than the compactification scale and larger than TicEp^. Also in this 
scenario, the classical theory of gravity will loose its validity in the super-Planckian domains. 

For non-gravitational interactions, a length scale (e.g., Compton wavelength), which is 
usually explored by a particle scattering, decreases with increasing its energy measured 
at the center of mass frame. However, this relation may not hold for the phenomena in 
which gravity plays an important role. It is widely believed that collisions of particles with 
the super-Planckian energy scale would produce black holes, and hence, physical processes 
characterized by the length scale shorter than TicEp^ are hidden inside black holes 3|. This 
is a kind of the cosmic censorship hypothesis for the super-Planckian domain, but it is not 
trivial whether this hypothesis is correct. The original cosmic censorship hypothesis claims 
that, roughly speaking, naked singularities are not formed in our universe ^. However, we 
have to note that even if the cosmic censorship hypothesis is correct, it does not necessarily 
imply that the super-Planckian physics is hidden inside horizons. In the framework of 
general relativity or in the large extra-dimension scenario, the super-Planckian curvature 
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is not a spacetime singularity as long as it is finite, and thus the presence of the super- 
Planckian domains may be irrelevant to the cosmic censorship. Indeed, Nakao, Harada, and 
Miyamoto (NHM) recently suggested, by a simple dimensional analysis, a possibility that 
visible super-Planckian domains may beproduced in high-energy particle collisions, if the 
spacetime dimension is larger than four [5|. 

To theoretically explore the phenomena in a higher- dimensional gravity, numerical rela- 
tivity is probably the unique approach. In the past a few years, several implementations for 
the higher-dimensional numerical relativity have been developed 

Uliol, and now, it is fea- 
sible to explore the nonlinear physics such as high- velocity collision in higher dimensions as 



in 4 dimensions 
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13|. In this paper, we numerically show that in a scattering of two black 



holes in the framework of 5-dimensional (5D) general relativity, super-Planckian domains 
may be indeed visible. 

Hereafter, we adopt the natural units c = h = 1 and the abstract index notation: Latin 
indices except for w, x, y, z denote a tensor type and Greek indices denote a component 
with respect to some basis vectors jl^. In this paper, we define the fundamental Planck 
energy Ep such that 5D Einstein's equation is written as 



ab 



ab- 



(1) 



SUPER-PLANCKIAN DOMAIN 



We define a super-Planckian domain as a region where 5D general relativity looses its 
validity. In the case that quantum effects on a spacetime geometry are not very large, 
quantum corrections to the Einstein-Hilbert action might be given in the form of scalar 
polynomials of the Riemann tensor. Hence, we adopt the square root of the absolute value 
of the Kretschmann invariant \R'^^'^^Rabcd\^^'^ as a reference quantity. 

To determine a reasonable threshold value of \R'^''^'^Rabcd\^^'^ over which the domain be- 
comes super-Planckian, we adopt, as a reference, the 5D Schwarzschild-Tangherlini (ST) 
black hole which is a spherically symmetric vacuum solution in 5D general relativity. By 
the definition of Ep through Eq. ([T]), the circumferential radius of the ST black hole with 
mass M is equal to {M/E'p)^. Thus, the ST black hole with M = Ep will behave as a 
gravitating quantum object which actually cannot be described by general relativity, be- 
cause the reduced Compton wavelength of this black hole agrees with its circumferential 
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radius. \R'^^^Rabcd\^^'^ at the event horizon of this black hole is equal to 6\/2Ep. Hence, by 
introducing a dimensionless reference quantity /C = {6y/2Ep)~^\R"'^^'^Rabcd\^^'^, we can define 
a super-Planckian domain A by 

inf/C>l. (2) 

Note that the above condition will be one of sufficient conditions for the appearance of a 
super-Planckian domain, because a domain, in which one of scalar quantities defined from 
the Riemann tensor exceeds an appropriately determined critical value, should be regarded 
as a super-Planckian one [sl- 



INITIAL DATA 



Hereafter, we consider a scattering of two non-rotating black holes with identical mass M. 
A procedure for setting initial data of the scattering problem with negligible junk radiation 
was presented in [l^, which we follow. 

When the distance between two black holes is much larger than their gravitational radii 
i?g := {Ep^Mf^, the metric near each black hole in each rest frame is well approximated 
by that of the ST black-hole spacetime, 

ds^ = —a'^{ro)dtl + ip'^iro) (^dw^ + dxl + di/Q + dz^^ , (3) 

where 

*W = l + (§)' and a(r) = ^^. (4) 

and ro = y^Wg + + Z/o + ^o- To obtain an approximate metric in the vicinity of each 
black hole in the center- of-mass frame of the two-black-hole system, we perform coordinate 
transformations for the above metric twice. First, a boost transformation, t = T{to =1= vwo), 
w = T{wo =F vto), X = xq, y = yo, and z = zq, is performed, where the velocity w is a 
positive constant less than unity, and F = 1 /Vl — f ^ is the Lorentz factor. Next, a spatial 
translation, w — )■ w^iw and x — )■ x^ix, is performed, where iy^ and are positive constants, 
respectively. As a result, we obtain two coordinate systems in which the world line of the 
black hole (puncture) is given hj w = ±{iw — vt), x = ±ix, y = z = 0, and the fine element 
is 

dsl = -F^ (a| - wVl) dt^ ± 2T\ (a^ - ipl) dtdw 
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where a± 



+ ^± [Bldw'^ + dx^ + dy'^ + dz^^ , (5) 
V'lt = i'{^±)^ and := V"^ {l — v'^ a\il)^^^ with r± := 



r2(u; =p ± t^t)^ + (x =F ^2;)^ + + z^. The components of the extrinsic curvature of the 
spacehke hypersurface labeled by t are 



XX 



wx 



2a'^ - 
Kt = 



{in(^i-^^al)}'' 



Tv{w =F ^u; ± vt)a±ip'^ 



yy 

Tv{xTix)B± 



K. 



± 
Kt 



T- 



TvyB± 



TvzB± 



(6) 
(7) 
(8) 
(9) 
(10) 



and the other components vanish. Here, the prime denotes the ordinary derivative with 
respect to r±. Based on the above results, we write the initial data for a scattering of two 
black holes with initial velocities ±v. The metric of the spacelike hypersurface is written in 
the following form 

dP = + (!>f{BV + dx^ + dy^ + dz^), (11) 

where 



* = 1 + 

The extrinsic curvature is written by 



2r, 



2r_ 



K, 



ab 



K. 



ab 



(12) 
(13) 

(14) 



Finally, we set t = 0. The unknown functions $ in Eq. ffTTj) and 5Kab in Eq. f[Hj) should 
be determined from the conditions that the Hamiltonian and momentum constraints are 



satisfied. However, if the coordinate separation between two black holes, 2^/-^^. + (-1. is 
much larger than i?g, |$| and l^-R'/iiyl are much smaller than and \K'I^J\ 12|. We choose 
the initial separation to be sufficiently large and set the small corrections to be zero. Such 
approximation is acceptable for our present purpose. 
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FIG. 1: Impact parameters 6b and be are plotted as fmictions of the initial speed v of each black 
hole. For v < 0.6, &b and agree with the critical impact parameter 6crit- 



NUMERICAL RESULTS 



Numerical simulations were performed using SACRA-ND code re por ted in Ref. 



a, 



m 



which the so-called Baumgarte-Shapiro-Shibata-Nakamura formalism [15|] together with the 
"moving puncture" approach IGj and adaptive mesh refinement algorithm 17|] are employed. 
The numerical accuracy is monitored by computing L2-norm of the Hamiltonian and mo- 
mentum constraints. The convergence of the numerical solution was tested varying the grid 
resolutions with the grid spacing as A/Rg = 15/320, 12/320, and 10/320. We confirmed a 
reasonable convergence behavior (see below). 

Numerical simulations were systematically performed varying v and an impact parameter 
defined by 6 = 2ix. For a small velocity v ^ 0.6, we were always able to determine a critical 
value of the impact parameter, b = bcrit, for the merger of two black holes. Namely, for 
b < &crit; two black holes merge to a single spinning black hole whereas for b > fccrit? two 
black holes go apart to infinity after one scattering. The zoom-whirl orbit was never found 
in 5 dimensions in contrast to the 4D case [3], because the law of the gravitational force 
is modified: Note that in the Newtonian limit in 5 dimensions, both gravitational and 
centrifugal forces are proportional to where r is the separation of two objects. 

For a high velocity with v > 0.6, by contrast, we were not able to determine the value of 
6crit using our current code. The reason is that for bs < b < be, the numerical simulation 
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(a) (b) (c) 

FIG. 2: Color maps of /C in the scattering of two black holes with v = 0.7 and b = 3.38Rg ; (a) 
before the scattering, (b) during the scattering, and (c) after the scattering. At the stage (b), a 
highly elongated domain with a large value of /C ^ S-p/M appears between two black holes. The 
solid distorted circles denote the apparent horizon of the black holes. 

crashed soon after the scattering of two black holes occurs. Figure 1 plots fee and be as 
functions of v (note that for v < 0.6, 6b = = ^crit)- However, we were able to confirm 
that for b < Bb, two black holes merges, while for b > be, the merger does not happen and 
two black holes merely go apart to infinity after the scattering. In this paper, we focus on 
the case b >bc- 

Figure 2 plots the time variation of /C in a scattering process with v = 0.7 and b = 3.38i?g. 
The value of JC is shown in the unit of EpM~^ in the w-x plane. In this figure, the apparent 
horizon of each black hole is denoted by the solid circles. When the separation between 
two black holes is much larger than Rg, no super-Planckian domain emerges outside the 
apparent horizons as long as the mass of each black hole M is larger than Ep [see Fig. 2(a)]. 
By contrast, when the separation is equal to 2-3 i?g, a highly elongated domain with a large 
value of K. ^ Sp/Ai is formed between two black holes [see Fig. 2(b)]. Finally, two black 
holes are scattered away, and the domain with a large value of K, disappears [see Fig. 2(c)]. 

Figure 3 plots K,^ at the center of mass w = x = y = z = Oa.sa. function of the coordinate 
separation between two black holes. In this figure, the time elapses from left to right. Initial 
speed of each black hole and the impact parameter are the same as those for Fig. 2. As 
the separation between two black holes becomes small, the value of JC steeply increases. 
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FIG. 3: /C^ at the center of mass as a function of the coordinate separation between two black 
holes. The parameters v and b are the same as those for Fig. 2. The time proceeds from left to 
right. The results with three grid resolutions are plotted. 

Then, after the black holes slightly goes through the periastron, the maximum value of /C 
is reached. The maximum value /Cmax in the best resolution run is 

/C„.ax ^ 19 (^) . (15) 

In this scattering process, the event horizons of these black holes do not merge with each 
other, because these black holes go away toward infinity separately after this scattering. 
Hence, by the symmetry of this system, the center of mass is not enclosed by the event 
horizon. This fact implies that even if each black hole is a classical object before the 
scattering, a visible super-Planckian domain can emerge in the vicinity of the center of mass 
in 5D general relativity. 

Figure 4 plots the maximum values of /C for the scattering of a fixed impact parameter 
at the center of mass as a function of v. The results only for b > be are plotted. This 
shows that the maximum value of K, increases steeply with v, and thus, the super-Planckian 
domain appears to be always visible in high-velocity collisions. This also suggests that for 
f -> 1, the maximum value of /C would be much larger than Ep/M. 
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FIG. 4: The maximum value of JC calculated in the scattering of 6 = 3.5Rg and b = 3.54i2g at 
the center of mass as a function of v. The results only for b > be are plotted. The pluses and 
the crosses show the results oi A/Rg = 3/80, and the circles and the squares show the results of 
A/Rg = 1/32. 

SUMMARY AND DISCUSSION 

Probing the short-distance physics would be limited if scattering processes at energies 
well above the Planck scale were hidden behind a black hole horizon. If this hypothesis is 
correct, possible productions of small black holes in particle colliders, such as the CERN 
Large Hadron Collider, could be probably the unique opportunity for exploring the nature 
of the quantum gravity [s], [isl . However, as shown in this paper, a visible super-PIanckian 
domain can be generated even through a scattering process of two classical black holes in 5D 
spacetime. We may say in the practical sense that the cosmic censorship does not hold in 5D 
spacetime, because a super-Planckian domain should be regarded as an effective singularity 
in the classical gravity. 

The visible super-Planckian domain is formed even for w ~ 0.7, i.e., in a mildly relativistic 
scattering, and visible super-Planckian domains can be generated through gravitational 
scatterings more efficiently than a guess by NHM. It should be emphasized that such domain 
could emerge even in the absence of special spacetime symmetry or special assumption 
of spacetime geometry. The present result implies that it is necessary to study quantum 
gravitational effects in the super-Planckian domain of no horizon. Although, at present, we 
do not know what happens in the super-Planckian domain, we expect that the semi-classical 
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particle creation in the sub-Planckian region could occur around the visible super-Planckian 



domain 



19|. 



Finally, we comment on the scatterings for b-B{v) < b < bc{v) with v > 0.6 for which 
our numerical simulations do not keep sufficient accuracy probably due to the emergence 
of a very large spacetime curvature. We performed simulations for b > be with several 
grid resolutions. The maximum value of K, becomes larger for the finer grid resolution for 
a given value of b. It also increases with approaching be- These facts suggest that ultra- 
high spacetime curvature, which is not encompassed in a horizon, may be realized at some 
impact parameter for b-Q < b < b^ i.e., the formation of a naked singularity. We would like 
to explore this issue in more detail elsewhere. 
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